This note gives a simple proof that in a (r, q) system the average outstanding backorders and the average stockouts per unit time are jointly convex in the two control variables q and r. (Convexity; Convex; Inventory; Backorders; Stockouts)
where E is the expectation operator. As has been done in Zipkin, here it is assumed that I is a random variable uniformly distributed on the interval (r, r + q], and that D and I are independent of each other. These conditions are met when cumulative demand is described by a nondecreasing stochastic process with stationary increments and continuous sample paths (Zipkin 1986 
where a(q, r, U) = 1 -H(r + qU). We note that the above expression for A(q, r) is identical to the one used in Zipkin. For A(q, r) in (4) to be convex, it is sufficient to ensure that a(q, r, U) is convex in (q, r) for any fixed value of U. To establish the latter condition, we impose a restriction on H( ) on the relevant range of r: Specifically, we assume that 1 -H(t) is convex, or equivalently, H(t) is concave, for t 2 r. This additional restriction is implied by the assumption made in Zipkin that the probability density function of D is nonincreasing for t 2 r. It should be mentioned that under Poisson demands, the concavity of H( ) is guaranteed for nonnegative safety stock and fixed leadtimes or stochastic leadtimes that are independent of the number and size of outstanding orders.
